or from one such space into another. We also extend some inequalities for partitioned operators and for Cartesian decomposition of operators.
Introduction and Preliminaries
The original Clarkson inequalities for L p spaces (summarized by Kato and Takahashi in [14] ) were proved in Clarkson [8] [18, 19] ). Bhatia and Holbrook [4] and Hirzallah and Kittaneh [11] generalized these inequalities for general symmetric norms. Bhatia and Kittaneh [7] obtained Clarkson-McCarthy inequalities for certain N -tuples of operators from S p and the second author [15] extended them to all N -tuples of operators from S p . We start this paper with reinterpreting these inequalities as estimates on the norms of some operators acting on Banach spaces l N q (S p ) for N < ∞. For the classical Clarkson inequalities in L p spaces, this was done earlier by T. Formisano and E. Kissin Kato in [12] who considered the action of Littlewood matrices s (L p ) in order to obtain various generalizations of Clarkson inequalities. This approach was later used and extended further in a number of papers by Kato and Takahashi in [14, 21] , Takahashi, Hashimoto and Kato in [20] , Maligranda and Persson in [16, 17] , Tonge [22] . For arbitrary Banach spaces X, the action of Rademacher matrices R n from the space l n p (X) into l 2 n s (X) was investigated by Kato et al. in [13] to establish the relation between Clarkson inequalities in X and the type and cotype of X (see also [14] ).
In this paper we study Clarkson-McCarthy inequalities for infinite sets of operators from S p , that is, we consider Banach spaces l q (S p ) (they are symmetrically normed ideals of C*-algebra l ∞ (B(H))) and obtain for them analogues of Clarkson-McCarthy inequalities and other related inequalities. As in the finite case, these inequalities are estimates on the norms of some operators acting from the space l q (S p ) into l r (S p ). As a consequence, we prove that the spaces l p (S p ) are p-uniformly convex for p ≥ 2, and p-uniformly smooth for 1 < p ≤ 2. We investigate the relation between the spaces l q (S p ) and the space S p (H, H ∞ ) of compact operators A from H into the orthogonal sum H ∞ of an infinite number of copies of H satisfying A p < ∞, and examine the embeddings of these spaces on to each other. We also consider infinite partition and Cartesian decomposition of operators from the Schatten ideals S p . Let H, K be separable Hilbert spaces, B(H, K) be the space of all bounded operators from H to K and C(H, K) the subspace of compact op-
(H, H) and C(H) = C(H, H). Then C(H) is the unique closed two-sided ideal of B(H). For
is a Banach space in norm · p and
For a Banach space (X, · ), the space l
The norms · lq(X) are not equivalent:
(1.6) 
. Then (1.1) and (1.2) can be written in the following form:
Similarly, the inequality of Ball et al. [2] can be written for p ∈ [2, ∞) as
p , as a column). Some analogues of ClarksonMcCarthy inequalities (1.1) and (1.2) were obtained in [15] . Interpreting them as inequalities in l N q (S p ) and setting λ = max R jk , we have, for
, where a jk = exp i 2π(j−1)(k−1) N , these inequalities were obtained in [7] . In this paper we obtain some analogues of inequalities (1.10) 
, and the following analogue of (1.10) holds:
These results give, in turn, some analogues of inequalities (1.1). In particular,
Using this, we prove that the spaces l p (S p ) are p-uniformly convex for p ≥ 2, and p-uniformly smooth for p ∈ [1, 2] .
A set {P n } N n=1 of mutually orthogonal projections is a partition of 1 H if N n=1 P n = 1 H . It is well known (see [10] 
, it was established in [15] that, for M, N < ∞ and 2 ≤ q ≤ p < ∞, (1.11) and reversed for 1 ≤ p ≤ q ≤ 2. For N = M , P n = Q n and q = 2, p, this was proved in [5] and used to show that symmetrically normed ideals of B(H) with Q * -norms have the Radon-Riesz property. In Sect. 4 
we study infinite partitions
Using results of Sects. 2 and 3, we prove that, for 2 ≤ p < ∞, the partition A belongs to l p (S p ) and
For 1 ≤ p ≤ 2, the partition A belongs to l 2 (S p ) and the inequalities are reversed.
For a set A = (A n ) N n=1 of operators from S p , consider the involution
is the "Cartesian" decomposition of A. It was shown in [15] (2N ) [6] . For other results of this kind and a discussion of their importance in the analysis of operators see [1, 3, 19, 23] .
In Sect. 5 we show that, for N = ∞, the sequences
For p ∈ [2, ∞), the inequalities are reversed.
S p (H, H ∞ ) lies Between the Spaces l p (S
we have (see [9] )
Operators {A n } in B(H, K) converge to A in the weak operator topology (w.o.t) if (A n x, y) → (Ax, y), and in the strong operator topology
All Banach spaces S p (H, K) share the following important properties: 
The next lemma gives some conditions for A ∈ l ∞ (B(H)) to belong to
, and
The part "only if" follows from (2.6).
(
Clarkson-McCarthy Inequalities for l p -Spaces of Operators
Conversely, we have
Ax is an increasing bounded sequence. Hence it converges and, for each k,
Thus {P m Ax} strongly converges in H ∞ for each x ∈ H. Hence, by (i),
→ A and it follows from Lemma 2.
(iii) follows from (1.6) and from the fact that Ax
On the other hand, as 2α =
For positive operators {T n } m n=1 in S p , it was proved in [18] (also [5] , [15,
(2.9)
For 0 < p < 1, it was shown Lemma 1 and formula (7) of [6] that 
Replacing in (2.9), T n by A * n A n and p by p 2 , we obtain that
Combining this with the above inequalities, we complete the proof of (2.12).
Let 
as m → ∞. Combining these inequalities and (2.6), we complete the proof of (2.13). 14) are Banach spaces.
For x ∈ H and u ∈ K, the rank one operator x ⊗ u in B(H, K) acts by
and
and 
be a basis in H and P en projections on Ce n . Set A n = n −α P en , for some α > 0, and consider
⊕n −α α n e n , where each n −α α n e n belongs to the n-th component of H ∞ , converge to 
.2(i), A ∈ B(H, H ∞ ) and
(ii) Let 2 ≤ p and A ∈ l 2 (S p ). It follows from (2.14) that 
where each n − 1 q e 1 belongs to the n-th component of H ∞ . This proves (iv) and completes the proof of (ii). To prove (iii), repeat the proof of (ii) for p = 2. 
Action of Operators from B(H
∞ ) on l q (S p ) Spaces By Theorem 2.4(iii), l 2 (S 2 ) = S 2 (H, H ∞ ).R lp(S p )→l2(S p ) ≤ R B(H ∞ ) , for 1 ≤ p ≤ 2; R l2(S p )→lp(S p ) ≤ R B(H ∞ ) , for 2 ≤ p. Each operator R in B(H ∞ ) has matrix form R = (R ij ) ∞ i,j=1 with R ij ∈ B
(H). It acts on each
→ B n ∈ B(H), for each n, and (B n ) ∞ n=1 ∈ l ∞ (B(H)).
Proposition 3.1. (i) ∩{D(R) : R ∈ B(H
be mutually orthogonal projections in B(H) with infinite dimensional ranges satisfying
T. Formisano and E. Kissin
−→ LB. By Lemma 2.2(i), A = LB ∈ B(H, H ∞ ). Thus D = B(H, H ∞ ).
( 
Thus l q (S p ) is not a left B(H ∞ )-module, for q < 2 and all p ∈ [1, ∞).
Let q = 2. Let {e n } ∞ n=1 be a basis in H, let P en be the projections on Ce n and {V n } ∞ n=1 be the partial isometries from Ce n onto Ce 1 , i.e.,
V n e n = e 1 , V n e j = 0 for j = n, and
Using part (ii) of Theorem 2.4 instead of (i), we obtain similarly the proof of (ii).
We can use inequality (1.9) to obtain some analogues of McCarthy in-
with the operators R k ∈ B(H n k ) on the diagonal and 0 off the diagonal and suppose
If n k = N , for some N and all k, then
Proof. It follows from the block-diagonal structure of the operator R and from (3.3) that
.
. Substituting this in the above formula, we have
which completes the proof.
Let n k = 2 and R k = 2
Taking into account that R = 1 and substituting the above formulas in Theorems 3.2 and 3.3, we have the following analogue of McCarthy inequality (1.1) for spaces l q (S p ). 
Inequality for Partitions of Operators from
In this section we study infinite partitions
where the last series may diverge. For 2 ≤ p < ∞, the inequalities are reversed.
Proof. Set A n = P n A. It follows from (4.1) that
As A ∈ S p (H), all A n belong to S p (H) and have mutually orthogonal ranges:
Hence A ∈ B(H, H ∞ ) and A = A . For all x, y ∈ H and m ∈ N, we have
where R m = m n=1 P n . Since
Clarkson-McCarthy Inequalities for l p -Spaces of Operators Let 1 ≤ p < 2. Then it follows from Theorem 2.4(i) that A ∈ l 2 (S p ) and
where the last series above may diverge if A / ∈ l p (S p ). For 2 ≤ p < ∞, using (2.14), (2.17), we obtain the reversed inequalities.
We consider now partitions of operators. If A / ∈ l q (S p ), we assume that
It follows from Proposition 4.1 that
where the last series above may diverge. Fix n and set B n = A * P n . Then
where the last series above may diverge. Since, by (2.3), B n p = B * n p = P n A p and
Author's personal copy T. Formisano and E. Kissin we can rewrite (4.4) as follows
Substituting this into (4.3) and using (2.14), we complete the proof of (i).
(ii) Let 2 ≤ p. From Proposition 4.1 we have
Proceeding now, as in part (i), we complete the proof.
Cartesian Decomposition and Schatten Norms
Define the following natural involution on l ∞ (B(H)):
are symmetrically normed ideals of the C*-algebra l ∞ (B(H)) and
For each n, consider the selfadjoint operators
Hence it follows from Lemma 2.2(ii) that A ∈ S p (H, H ∞ ). On the other hand,
Let p > 2. Set A n = n Making use of (5.9), we complete the proof in the case when 1 ≤ p ≤ 2.
To prove the reversed inequality in the case 2 ≤ p < ∞, use (2.17) instead of (2.16).
